Based on the one-dimensional stability analysis, the self-excited oscillation in hydraulic power generating systems was studied by a simple experiment and numerical simulation. It was shown that a cavity in a conical diffuser can cause surge. With the diffuser, a high amplitude and low frequency oscillation occurs at low cavitation number. This oscillation was not observed with the straight pipe. It was confirmed that the diffuser effect of the draft tube can be the cause of the full load surge in hydraulic power system. Numerical results were also analyzed to check the validity of the one-dimensional stability analysis.
Introduction
Securing stable operation is one of the most important issues in hydraulic power generating systems. In Francis turbines, draft tube surge is the most commonly identified phenomenon among pressure fluctuations. At low flow rate, the precessing motion of the vortex rope in the draft tube is the main cause of pressure fluctuation [1] - [3] . It has been found that a surge can occur even at full load. The behavior of full load surge in model test is reported by Prenat and Jacob [4] in 1986. Arzola et al. [5] found that in a real plant, modifying the shape of the runner cone can change the frequency of full load surge and the surge is well eliminated by air injection from the runner cone. Koutnik et al. [6] It was shown that the instability occurs when the absolute value of negative mass flow gain factor is larger than a certain value which depends on the value of cavitation compliance. This model was combined with the numerical analysis software SIMSEN to analyze the full load surge observed in a real plant [7] . Although Ref. [6] and [7] show that full load surge can be successfully simulated by using an appropriate value of mass flow gain factor, the flow mechanism determining the mass flow gain factor is not clear yet.
The previous study [8] established a one-dimensional analytical model to clarify the possibility of self-excited oscillation mechanism of the full load draft tube surge. Two sources of draft tube instability have been found. The first is the instability caused by the diffuser effect of draft tube. This destabilizing effect appears for all flow rate and the destabilizing effect increases as the increase of the flow rate. The second source of instability is caused by the swirl downstream of the runner, which destabilizes the system in part load operation and stabilizes in over load operation.
The destabilizing effect of the diffuser can be explained as follows. We consider the case when a diffuser is placed downstream of a cavitating part. It is assumed that the pressure is kept constant at the diffuser exit. If the cavity volume is increased and the flow rate through the diffuser is increased, the pressure at the cavity will be decreased since the pressure recovery in the diffuser is increased. Then the cavity volume would increase further. This positive feedback is the cause of the instability due to the diffuser effect.
In the present study, the cavitation instability caused by the diffuser effects is confirmed experimentally with a simple facility using a conical diffuser and a straight pipe. At low cavitation number range, a low-frequency fluctuation occurs with the diffuser but not with the straight pipe. Numerical computation also simulates this fluctuation and the results are analyzed to check the validity of the one-dimensional stability analysis.
2.
One-dimensional Analysis [8] As shown in Fig. 1 , we consider a system composed of an inlet pipe of length L i and area A i , a turbine runner, and a draft tube with the inlet and exit areas A C and A e , respectively. A cavity volume of V C is assumed downstream of the turbine and upstream of the draft tube. Then, the continuity equation between upstream and downstream flow rates Q 1 and Q 2 is: 2 -1 the diffusion factor, ζ 2 the loss coefficient of the draft tube. For simplicity, ζ 2 is assumed to be a constant value. Equation (2) ignores the flow compressibility in the draft tube.
Fig. 1
Hydraulic system for the analysis At off-design operating point, the discharge flow from the runner swirls and a vortex is formed. If the pressure p C at the vortex center is lower than the vapor pressure, a cavity will appear. The volume of cavity can be considered to be a function of the core pressure p C , ( )
The cavitation compliance C is defined by / C C C dV dp = − (4) Due to the centrifugal force on the swirling flow, the core pressure p c is lower than the ambient pressure p a . Here, the effect of swirl is neglected and p C = p a is assumed to examine only the diffuser effect.
Then, the continuity equation (1) can be expressed as
dV dp dp dt C dp dt
The second term with dQ 2 /dt represents the diffuser effect corresponding to the mass flow gain factor.
For stability analysis, it is assumed that Q = ( )
, where j is an imaginary unit. The steady component Q is much larger than the unsteady component Q % . The complex frequency ω =ω R + jω Ι shows the fluctuation frequency ω R and the damping rate ω Ι .
When assuming
, the unsteady part of Eq. (5) can be expressed:
Equation (6) can be written as
If we consider the case of 1 Q % =0, negative damping occurs when
This is caused by the diffuser effect of the draft tube. From Eq. (7) the frequency is given by This mechanism can be explained as follows. When Q 2 is increased, Eq.(2) shows that p a will decrease if D>ζ 2 , due to the diffuser effect and Eq. (4) shows that the cavity volume V C is increased since C>0. Then Eq.(1) shows that Q 2 will be increased further, if Q 1 is kept constant. This positive feedback is the cause of the instability due to the diffuser effect. Figure 2 shows the framework of experimental facility. A cavitator is placed at the diffuser inlet to simulate the resistance of turbine runner and to trigger cavitation. The tank pressure downstream the diffuser is controlled by a vacuum pump to set the cavitation number. The working fluid is tap water at room temperature, degassed by the vacuum pump. The flow rate and fluid temperature are measured at the pump upstream. Figure 3 shows the diffuser section. A conical diffuser and a straight pipe as shown in Fig.5 are used. The geometry of cavitator at the diffuser inlet is shown in Fig.4 . Cavity occurs downstream the cavitator in the diffuser. Three dynamic pressure transducers p 1 , p 5 , p 8 are flush mounted along the diffuser and the straight pipe. Another pressure tap p 0 is placed at 152 mm upstream of the diffuser inlet. Additional five static pressure taps are used to measure the pressure distribution along the diffuser, as shown in Fig.5 .
Experimental Study

Experimental facility and measurement
The dimensionless parameters mainly used in this study are:
where the reference velocity u i is the average inlet velocity in the upstream pipe; the reference length d i is the diffuser inlet diameter (31mm); p and p v are the pressure on the diffuser wall and the vapor pressure. The tank pressure p T is the pressure at the diffuser exit, evaluated from the pressure above the water level and the height of the water level.ν is the kinematic coefficient of viscosity and f is the pressure fluctuation frequency. L C is the average cavity length measured from pictures recorded by high-speed video. Note that the length l of the diffuser and the straight pipe has been used for the definition of Strouhal number. Figure 6 shows the variations of Strouhal number St of the pressure fluctuations with respect to cavitation number σ.
Results and discussion
Dimensionless cavity length L from visual observation is also shown.
At higher cavitation number range (σ >2), a high-frequency fluctuation component St >1 occurs both with diffuser and straight pipe. This is called Type I oscillation and occurs when the cavity length is smaller than the diffuser inlet diameter. The frequency decreases as the value of σ decreases. The high-speed photography shows that the cavity length does not fluctuate obviously in Type I oscillation.
At lower cavitation number range (σ =0~2), a low-frequency pressure fluctuation component occurs at St=0.2~0. 4 . This is called Type II oscillation. The frequency component is corresponding to the cavity length fluctuation frequency recorded by high-speed video. With the diffuser, Type II oscillation occurs when cavity length is larger than 1.5 times of diffuser inlet diameter (L >1.5), while it does not occur for the case of straight pipe. So it is considered that Type II oscillation is caused by the diffuser effect.
With the straight pipe, the cavity length increases rapidly near σ =1.3 after keeping nearly the same value of L<1.0 while decreasing the value of σ. Figure 7 shows the typical cavity pattern taken from high-speed video. First, we consider the case with the diffuser. At σ = 2.26 where Type I oscillation occurs, the cavity is detached from the downstream end of the cavitator. The cavitation is attached to the cavitator at σ =1.55 where Type II oscillation occurs. With the straight pipe, the cavity appearance at higher cavitation number (σ=2.22) with Type I oscillation is nearly the same as with diffuser. However, the cavity develops rapidly (σ=1.10) and no Type II oscillation was observed. The experiment is carried out also for other Reynolds numbers (Re=1.5 ~ 3.3×10 5 ). The characteristics of pressure fluctuation are not obviously affected by the Reynolds number. Figure 8 shows the static pressure distribution on the diffuser wall. z=0 is the location of cavitator end at the diffuser inlet. The arrow shows the cavitation number range where Type II oscillation occurs. At higher σ value range, the pressure decreases to the minimum at z=0 and then increases rapidly downstream of the cavitator. This quick pressure recovery occurs at z ≤ 2d for both diffuser and straight pipe cases. Thus, it is caused by the closure of the cavitator wake. Following this rapid increase, gradual pressure increase occurs for the diffuser. This is caused by the diffuser effect and it can not be found in the straight pipe. With smaller σ value, a region with nearly constant pressure appears. The length of the region is somewhat smaller than the cavity length shown in Fig.6 . This is because the cavity trailing edge is lifted from the diffuser wall. A region of pressure recovery appears downstream of the constant pressure region. It is caused by the decrease of the cross-sectional area of the cavity wake and occurs for both cases of the diffuser and straight pipe. This pressure recovery also can cause instability, since the increase of downstream flow rate will cause the increase of the pressure recovery and results in the decrease of the pressure in the cavitating part. However, no Type II oscillation was found in the straight pipe. 
Simulation
Computational scheme and grid
The numerical simulations are carried out with the commercial CFD software ANSYS CFX 11.0 package. For the spatial discretization, "High-Resolution Scheme" is applied in order to achieve 2nd order accuracy. For temporal discretization, the 2nd backward Euler scheme is applied. For turbulence treatment, the RANS k-ε model is used. The interface mass transfer for cavitation is modeled with a simplified Rayleigh Plesset equation. Homogeneous model is applied for multiphase flow treatment. The cavitating simulations are transient, starting from the non-cavitating results with a time step size of 0.0005 second, corresponding to about 200 steps within a period of Type II oscillation. Figure 9 illustrates the computational domain for diffuser and straight pipe, both composed of approximately 800,000 structured hexahedral elements. The uniform axial flow of 300 L/min (Re = 2.1×10 5 ) was given at the inlet boundary. Pressure was fixed constant at the outlet boundary. The wall boundary condition was imposed to be no slip and smooth wall. 
Results
The In Fig.10 , the static pressure distribution is compared with the experiment result. It also shows the difference due to shorter cavity length. At high cavitation number range of σ>2, simulation shows no cavitation occurring in the diffuser or pipes. Thus, Type I oscillation could not be simulated.
Type II oscillation in the experiment can be simulated in a lower cavitation number range for the case with the diffuser. The time-series pressure data are shown in Fig.11 at σ =1.55 with the diffuser. The pressure at p 1 , p 2 and p 3 is kept constant at vapor pressure because these points are within the cavitation zone. The time-series pressure data show nearly periodic oscillation at points p 4 ~ p 8 . The amplitude decreases as we approach the diffuser exit. The predicted fluctuation frequency is St = 0.14~0.19, which is smaller than the measured value St=0.2~0.4. The Strouhal number is compared with the experimental value in Fig.12 . With the straight pipe, this pressure fluctuation does not occur, which is the same as the experiment. 
Correlation with the one-dimensional model
In the one-dimensional model, the continuity equation (1) across the cavitating region and the unsteady Bernoulli equation (2) in the diffuser are combined to derive the characteristic equation (7) of the hydraulic system. Thus, in order to check the validity of the analytical model, the continuity and unsteady Bernoulli equation are examined using the simulation results.
Continuity equation
The simulation result of diffuser case at σ=1.55 is chosen to analyze the pressure fluctuation. In the one-dimensional model, Eq.(1) shows the continuity between cavity upstream and downstream flow rates. The difference of upstream flow rate Q 1 and downstream flow rate Q 2 and the time derivative of cavity volume V C is plotted in Fig.13 . Caused by the resistance at the cavitator and the larger mass in upstream penstock, Ref. [8] shows that the upstream flow rate Q 1 gives smaller fluctuation than downstream flow rate Q 2 and was kept to be constant in the simulation. This is also confirmed in the experiment, since no pressure fluctuation was observed at the inlet (p 1 ). The cavity volume V C was evaluated by integrating the void fraction over entire computational domain:
. The result shows the flow rate difference Q 2 -Q 1 has the same tendency with the time derivative of V C .
However, dV C / dt evaluated from the void fraction is smaller than the flow rate difference. This suggests the incompleteness of the present simulation and higher spacial and temporal resolutions are needed. It should be mentioned that the agreement between Q 2 -Q 1 and dV C / dt is sensitive to the time step length Δ t. Better agreement is achieved when Δ t is decreased from 0.0025 s to 0.0005 s. However, little further improvement can be obtained when Δ t is decreased from 0.0005 s to 0.0001 s. Considering the computation time, the time step Δ t =0.0005 s is used. 
Evaluation of loss coefficients, diffusion factor, and effective diffuser length
The characteristic equation (7) shows that the value of ζ 2 -D determines the stability and the value of effective length L e determines the frequency of oscillation. Since these factors are traced back to the Bernoulli equation (2), the value of these factors are evaluated from the examination of the simulation results associated with Eq.(2). The pressure recovery between the pressure taps p 6 and p 8 is examined. This is to avoid the effect of cavity wake: the cavity trailing edge at σ=1.55 is well upstream of p 6 . Figure 14 shows the plots of V C , Q 2 and p 6 -p 8 against time. p 6 -p 8 is separated into the components ofρ (L e /A e ) dQ 2 /dt and ρ (ζ 2 -
2 ) by using a least square curve fit assuming that ρ (L e /A e ) and ρ(ζ 2 -D) /(2A e 2 ) are constants. In the bottom of Fig.14 , the dashed curve with white points is the sum of the separated components compared with p 6 -p 8 shown by the solid curve with black points. The agreement of these curves shows the expression of Bernoulli equation (2) is adequate. The values of ζ 2 -D and L e thus determined are shown in Table 1 as compared with the values evaluated from the geometry. The results of similar analysis for the straight pipe at σ=1.45 is also shown. For the straight pipe analysis, the pressure fluctuation with the half amplitude of Δψ = 0.0456 was applied at the pipe exit to realize oscillation. For the evaluation from the geometry, ζ 2 =k(A e /A c -1) 2 and ζ 2 =kl/d i are used for the diffuser and straight pipe, respectively, where k is the coefficient related to the diffusion angle, Reynolds number and pipe roughness [9] . Both the |ζ 2 -D| and L e from simulation are much larger than the values evaluated from the geometry. This is considered to be caused by the effect of cavity wake which is close to p 6 , as shown in Fig.15 (a) . In order to confirm this, the lengths of the diffuser and straight pipe are extended to l=24d and the analysis was carried out for the region between z=6d (p 8 ) and 23.5d (p 26 ) from the inlet, as shown in Fig.15 (b) . The simulation result of extended diffuser at σ=1.82 is chosen to analyze.
The results are also shown in Table 1 . Better agreement between the results from simulation and from geometry for ζ 2 -D was achieved.
The time-average pressure distribution can be related to the coefficient ζ 2 -D by Eq. (2) . The values from the averaged steady pressure distribution are also shown in Table 1 . The values from unsteady and steady pressure are nearly the same. The agreement between the values from geometry and simulation is worse for L e /d, except for the case of extended straight pipe.
In any case, the value of ζ 2 -D is negative for the diffuser and positive for straight pipe. The negative value of ζ 2 -D is the cause of the instability of the diffuser. is assumed that the upstream flow rate is kept constant, the negative cavity displacement work means that the downstream flow fluctuation provides positive displacement work to the cavity. This shows the important effect of diffuser to provide energy to the oscillation, as discussed also in Ref. [8] . The plot of inertia term ρ (L e /A e ) dQ 2 /dt shows that the displacement work 
, where T is the period of oscillation. This shows that the displacement work done by the inertia pressure should be zero. Thus, the total displacement work should be negative, which shows a counter clockwise Lissajous curve as expected in the bottom of Fig.16(a) . The results with extended diffuser is similar, as shown in Fig.16(b) . We should note that the mean slope of the plot is caused by the inertia effects.
The cavitation compliance C is defined by Eq.(4). Three methods were examined to evaluate the value of C from the results of simulation. The first is the quasi-steady evaluation from the averaged cavity volume at different cavitation numbers. In the linear model in section 2, it is assumed that the cavity volume V C is a function of the pressure p C near the cavity. In practical case, the pressure on the cavity is kept nearly constant at vapor pressure. So we need to determine the appropriate location where p C is defined. However, the pressure at an arbitrary position downstream of the cavity changes linearly with the tank pressure. And the cavitation compliance is defined as the change of cavity volume due to the change of ambient pressure. We can determine the value of cavitation compliance using the pressure at an arbitrary downstream position. For this reason we use the pressure p 6d at z=6d. Figure 17 shows the plot of V C against σ 6d = (p 6d -p v )/(ρ u i 2 /2) for original and extended diffusers. Since p 6d is slightly lower than the pressure at the tank exit, σ=1.55 corresponds to σ 6d =1.53 for the original diffuser. Based on this plot, the quasisteady cavitation compliance can be evaluated from C=-∂V ave / ∂p 6d .
The second method is from the mean slope of the plot of cavity volume fluctuation as shown in Fig.16 . Since the amplitude of pressure fluctuation depends on the location of the pressure measurement, the value of C thus determined depends on the location where the pressure fluctuation is measured. The downstream flow rate changes in the unsteady evaluation while it is kept constant in quasi-steady evaluation. The third method is the evaluation from Eq. (9) or C= A e /(ρL e ω e 2 ). This value also depends on the location where and how the value of L e is evaluated. Here we use the values of L e evaluated from the unsteady simulation at various axial locations as summarized in Table 1 . Table 2 compares the values of C evaluated from the above three methods. The values of C agree between quasi-steady and unsteady evaluation if we use the pressure fluctuation at an appropriate axial location. The values from frequency are significantly larger than the quasi-steady and unsteady values. This suggests that the values of L e used are significantly smaller. The comparison with the values from unsteady evaluation shows that, the axial location for the evaluation of L e should be more upstream than the location of pressure fluctuation for the evaluation of cavitation compliance. This suggests the importance of the inertia of the fluids around the cavity wake. 
Conclusion
It was shown by a simple experiment and numerical simulation that a cavity in a diffuser can cause surge. In the experiment, a higher frequency oscillation is observed at higher cavitation number both in the diffuser and straight pipe. The frequency decreases as the cavitation number decreases. This type of oscillation could not be simulated by the CFD. With the diffuser, a high amplitude and low frequency oscillation occurs at low cavitation number where the cavity length is larger than 1.5 times of the diffuser inlet diameter. This oscillation was not observed with the straight pipe. This type of oscillation could be simulated by CFD, for the case of diffuser but no oscillation occurs with the straight pipe. Thus, it was confirmed experimentally and numerically that the diffuser effect of the draft tube can be the cause of the full load surge in hydraulic power stations.
The pressure recovery coefficient ζ 2 -D of the diffuser and the effective diffuser length L e were evaluated by separating the pressure fluctuation at the end of the cavity into the component proportional to the square of the flow rate and the component proportional to the time derivative of the diffuser flow rate. It was found that the value of ζ 2 -D is negative for the diffuser and much larger than the value expected from the geometry of the diffuser. This value is positive for the straight pipe, supporting the result of one-dimensional stability analysis that, the pressure recovery in the diffuser causes the instability. The effective length of the diffuser L e was also larger than the value from diffuser geometry. The value of cavitation compliance C was evaluated by three methods: quasi-steady evaluation from averaged cavity volume at different cavitation numbers, unsteady evaluation from cavity volume and pressure fluctuation, and the evaluation from the observed frequency. The unsteady evaluation agrees with quasisteady value if we use pressure fluctuation at appropriate location. The value from the frequency is significantly larger if we use the effective length evaluated downstream of the cavity trailing edge. Perhaps we need to take account of the inertia effect of the fluid around the cavity wake when evaluating the cavitation compliance from frequency. The displacement work of the cavity was also discussed. The displacement work associated with the pressure recovery was negative, suggesting that the displacement work is transferred from the diffuser to the cavity.
